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An elliptic semiplane (symmetric group divisible design with h, = 1 and 
& = 0) is constructed. This elliptic semiplane cannot be realized as a projective 
plane minus a Baer subset, and is the first elliptic semiplane constructed which has 
this property. 
Dembowski [3] defines apartialplane as an incidence structure S = (X, 2) 
such that any two distinct points of X are incident with at most one line of 9. 
A semiplane is a partial plane which is nondegenerate and satisfies the follow- 
ing axiom of parallels: given a nonincident point line pair p, L there exists 
at most one line M onp and parallel to L (L and Mare not concurrent) and at 
most one point q on L and parallel to p ( p and q are not collinear). A semi- 
plane is elliptic of order n if there are n + 1 points on each line and n + 1 
lines on (through) each point. Since an elliptic semiplane is a symmetric 
group divisible design with h, = 1 and h, = 0, its parameters must satisfy 
the conditions obtained by Bose and Conner [l] via an application of the 
Minkowski-Hasse theory of quadratic forms. Hence this excludes many 
possible parameters. Dembowski knew that if P is a projective plane and B 
a Baer subset of P, then S = P - B is an elliptic semiplane. Because this 
included all the known examples of elliptic semiplanes, Dembowski proved 
the following partial converse: 
THEOREM. If S = (X, 9) is an elliptic semiplane of order n, then all 
parallel classes of S have the same size m with m dividing n(n f l), the number 
of points (lines) is n(n + 1) + m, and exactly one of the following cases holds: 
(a) m = 1 and S = P is a projective of order n; 
(b) m = n + 1 and S = P - B( p, L) where P is a projective plane 
of order n+l, B(~,L)={~,L)u{M:~EM}v{~:~EL}, and peL 
(see Cronheim [2]); 
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(c) m = n and S = P - B( p, L) as in (b) except that p $ L (see 
Liineburg [5]); 
(d) m < n + 1 - (n + l)ljz and there exists a symmetric balanced 
incomplete block design with z’ = b = [n(n + 1) + m] m-l, k = r = 
n(n + 1 - m) m-l, and h = (n - m)(n + 1 - m) m-l. In particular S = 
P - B with P a projective plane of order n + 1 and B a Baer subplane of P, 
if, and only if, m = n + 1 - (n + l)ljz. 
The proof was followed by a remark that it was conceivable that m = 
n + 1 - (n + 1)1/2 must always hold in case (d), but this remained an open 
problem. The example below shows that equality need not hold in case (d). 
The incidence matrix N of a partial plane is a zero-one matrix whose rows 
are indexed by the points and columns by the lines and with the i, j entry 
one precisely when pi is on Li . We assume the points and lines are enumerated 
by parallel classes so that N is a v x v block matrix, each block being m x m. 
In the example 21 = b = 15, k = r = 7, and m = 3. A blank entry is the 
3 x 3 zero matrix, I the 3 x 3 identity, and 
N= 
IIIIZII 
A B c AC B 
A B c AC B 
A B c AC B 
c AB B A C 
C AB B A C 
B C AC B A 
.AB C AC B 
AC B A c c c 
AC B CA c c 
A C BCCA c 
B A C CCA C 
B ACC CCA 
C B A c CCA 
AC B c C C A 
Recently several authors (see [4, 6, 71 and references given in these papers) 
have been investigating partial planes with an equal number of points and 
lines for which something is known about the number of lines disjoint from 
(“parallel to”) a given line. In this context elliptic semiplanes with m = 2 
or 3 are natural examples. Hence it would be especially interesting to find 
AN ELLIPTIC SEMIPLANE 195 
more elliptic semiplanes, with (0, k, m) equal to (37, 9, 2), (56, 11, 2), (25,9,3), 
or (45, 12, 3) being the next smallest parameters for which existence is an 
open problem. 
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